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Abstract
In this work, an unconditionally stable space-time finite element method is derived in its stationary form (the discretization is 
time invariant),[1-6]. The method formulation is solely displacement-based. An explicit or implicit integration scheme is 
obtained depending on the assumed parameters. The method’s stability criterion has been derived. Assumed factors determine 
whether the method is conditionally or unconditionally stable. The precision of the solution has been subject to evaluation and 
the method’s algorithm has been given. The presented method has been compared with Newmark’s method [7] (a popular 
method of the equation of motion integration).
The generalization presented in this paper is in analogy to the generalization in paper [8] and serves only as a reminder of this 
major work.
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1. Introduction
Let us consider the vibrations of the system of n degrees of freedom, described using the matrix differential 
equation with initial conditions where M, C, K denote mass, damping and stiffness matrices, and F is the external 
load vector.
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)()()()( tttt FKxxCxM =++  (1)
with the initial conditions
,)0(,)( 00 vxxx == t (2)
where )(),(),( ttt xxx  - are acceleration, velocity and displacement vectors.
Much attention has been given to numerical schemes of the integration of equations. Sample works are listed [9-
15].
,Q WKLV SDSHU ZH PDNH D JHQHUDOL]DWLRQ RI .ąF]NRZVNL-Langer’s method (see [3]) of obtaining recurrence 
equations of the space-time finite element method. We will propose the stability criterion of the new recurrence 
scheme. The precision of the solution will be evaluated numerically [8].
2. The basics of the method.
We start with a variational form of the equation of motion (1) into
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where įx is variation of vector x and x(t)=0, įx(t)=0 for WW1 or WW2 , (see [3,11,12]).
We performed the integration by parts
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to transform the equation (3) into
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Let us assume that the solution of the equation of motion x is determined in the discrete set of time points tj by 
the set of vector q j. The solution will be represented in the form of a series
,)()( ∑=
j
jj tt qNx (6)
where N are properly selected dimensionless shape functions on the time axis. By way of analogy we assume
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Therefore, shape functions over time N must meet the conditions
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The variation of the solution is taken in a form
,)( *qx δδ tWi= (9)
where Wi is a weight function (of time distribution of variation), whereas įq is an arbitrary non-zero vector.
Let us substitute relations (6), (7) and (9) in formula (5). For each i > 0 this yields. 
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We assume linear shape functions. Shape functions and their derivatives are obtained by formulas. The 
consequences of assuming non-linear shape functions have been shown in [18].
Fig. 1. Linear shape functions.
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where 
t
t
Δ
=ξ and ttt Δ≤≤Δ− .
Let us substitute equation (11) in formula (9). Upon integrating we have
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For i=0 we integrating in domain ),0 tt Δ∈ . If at the time t = 0 are the initial speed v0 system having a momentum 
Mv0, which number is equal to the initial pulses. Thus, the equation has the form
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Of all weight functions  satisfying the equation (9), select only the functions that meet the following additional 
conditions
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After relation (16) has been substituted in formula (12) and divided both sides by ∫
−
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0
1
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Relation (14) is as follows: 
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The following notations have been adopted
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Our scheme has been reduced to a recurrence formula 
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Let’s assume that ii NW = . From (17) formulas yield
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With such ȕ and Ȗ values, recurrence formula (20) is identical with the recurrence scheme of the space-time finite 
HOHPHQWPHWKRGGHYHORSHGE\=.ąF]NRZVNL>@.ąF]NRZVNLREWDLQHGWKHVDLGIRUPXODVE\ZD\RIDVVXPLQJ
the discretization of space-time into elements with sides parallel to the time (so-called rectangular time axis 
elements. 
The presented manner does not constitute a complete generalization of the well-known space-time finite element 
PHWKRG ,Q.ąF]NRZVNL¶VPHWKRG VSDFH-time can be discretized using, for example, division lines along certain 
characteristics. This leads to, generally speaking, a division with lines nonparallel to the time axis, see [16,17]. On 
top of the above, the manner in which recurrence equations (20) are obtained is markedly different from the manner 
applied to date in the space-time finite element method.
Velocities and accelerations can be calculated from the following formulas
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Acceleration can be alternatively obtained from
.iiii KqCqQqM −−= (23)
3. Analysis of the method’s stability 
Assuming the Ȗ=1/2, the equation (20)2 yields the so-called symmetrical difference scheme. The analysis of such a 
difference in scheme stability was the subject of Lewinski’s work [19]. While examining a system having n degrees 
of freedom, he transformed the energetic stability criterion into the form (notation A>0 denotes positive definiteness 
of the A matrix). 
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ZKHUHȦ i - eigen-frequency number i.
The ȕ parameter can assume values from the range ۃ0, ଵ
ଶ
ۄ and for ߚ א ۦ0, ଵ
ସ
ቁ the method is conditionally stable, 
whereas for ߚ א ۃଵ
ସ
, ଵ
ଶ
ۄ - unconditionally stable. Assuming that ߛ ് 0 we will obtain recurrence schemes loaded with 
internal damping [13,20].
4. Evaluation of precision 
The precision of the method will be evaluated by analyzing the solution (see Fig.2) with initial conditions. 
{ }.10,0 == 00 qq  (27)
For such a system equations of motion has the form
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where mass and stiffness matrix are present
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Fig. 2. The system with two degrees of freedom.
In the Fig. 3 shows results of the calculations  for different values of the parameter β , and varying the number of 
steps of integration 25,250 21 == nn for the period 1T . If we want to accurately calculate the movement of the 
selected frequency, we must choose the right integration step. For 2501 =n , the results are identical to the exact 
solution.
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Fig. 3. The results of the analysis, displacement q1 and q2.
More information about this method can be found in publications [9,20].
5. Conclusions
The integration of equations (29) with the proposed method and Newmark’s method yielded identical results. 
(Identical results have been derived for thus associated coefficients, using the integration step T<0.05). For ȕ 
we obtain results which are also identical with the results yielded by the constant acceleration method. For ȕ ,
the obtained solution is identical with the solution yielded by the space-time finite element method (STFEM).
Two schemes ought to be distinguished as regards the presented method: the unconditionally stable scheme 
ȕ  and the scheme in its explicit form ȕ . For many tasks, the unconditionally stable scheme will yield the best 
results. The precision of the solutions can be easily checked using half-step integration method. The differences in 
solutions obtained in subsequent attempts should be greater than the assumed vector İ.
There is a validated way of increasing the integration step beyond the stability area, the so-called time-space 
superelement [6]. The integration step is increased at the cost of certain additional operations performed prior to 
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recurrence. In this case, the solution is derived in fewer recurrencies. The time-space superelement can be used can 
be used for conditionally stable and unconditionally stable recurrence schemes.
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